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S
n∈N
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1 Introduction
Many infinite-dimensional Lie groups G can be expressed as the union G =⋃
n∈N Gn of a sequence G1 ⊆ G2 ⊆ · · · of (finite- or infinite-dimensional)
Lie groups, such that the inclusion maps jn : Gn → G and jm,n : Gn → Gm
(for n ≤ m) are smooth homomorphisms. Typically, the steps Gn are Lie
groups of a simpler type, and one hopes (and often succeeds) to deduce results
concerning G from information available for the Lie groups Gn.
The goals of this article are twofold:
• To survey general results on ascending unions of Lie groups and their
properties;
• To collect concrete classes of examples and explain how the general theory
specializes in these cases.
One typical class of examples is given by the groups Diffc(M) of smooth diffeo-
morphisms φ : M →M of σ-compact, finite-dimensional smooth manifoldsM
which are compactly supported in the sense that the set {x ∈ M : φ(x) 6= x}
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has compact closure. The group operation is composition of diffeomorphisms.
It is known that Diffc(M) is a Lie group (see [Mc80] or [Gl02d]). Furthermore,
Diffc(M) =
⋃
n∈N
DiffKn(M)
for each exhaustion K1 ⊆ K2 ⊆ · · · of M by compact sets (with Kn in the in-
terior of Kn+1), where DiffKn(M) is the Lie group of smooth diffeomorphisms
ofM supported in Kn. The manifold structure of Diffc(M) is modelled on the
space Vc(M) of compactly supported smooth vector fields, which is an LF-
space with a complicated topology. By contrast, DiffKn(M) is modelled on
the space VKn(M) of smooth vector fields supported in Kn, which is a Fre´chet
space. Many specific tools of infinite-dimensional calculus can be applied to
VKn(M), e.g. to clarify differentiability questions for functions on this space.
In other typical cases, each Gn is finite-dimensional (a particularly well-
understood situation) or modelled on a Banach space, whence again special
tools are available to deal with the Lie groups Gn (but not a priori for G).
Besides diffeomorphism groups, we shall also discuss the following major
classes of examples (described in more detail in Section 6):
• The “test function groups” C∞c (M,H) =
⋃
n∈N C
∞
Kn
(M,H) of compactly
supported Lie group-valued smooth mappings on a σ-compact smooth
manifold M =
⋃
n∈NKn;
• Weak direct products
∏∗
n∈NHn :=
⋃
n∈N
∏n
k=1Hk of Lie groups Hn;
• Unions A× =
⋃
n∈NA
×
n of unit groups of Banach algebras A1 ⊆ A2 ⊆ · · · ;
• The groups Germ(K,H) of germs of analytic mappings on open neigh-
bourhoods of a compact subset K of a metrizable complex locally convex
space, with values in a complex Banach–Lie group H .
• The group H↓s(K,F ) =
⋃
t>sH
t(K,F ) =
⋃
n∈NH
s+ 1
n (K,F ), where K
is a compact smooth manifold, s ≥ dim(K)/2, F a finite-dimensional Lie
group, andHt(K,F ) ⊆ C(K,F ) the integral subgroup whose Lie algebra is
the Sobolev space Ht(K,L(F )) of functions with values in the Lie algebra
L(F ) of F .
For s = dim(K)/2, the Lie group H↓s(K,F ) is particularly interesting,
because a Hilbert–Lie group Hs(K,F ) is not available in this case. In some
situations, H↓s(K,F ) may serve as a substitute for the missing group.
We shall also discuss the group GermDiff(K,X) of germs of analytic diffeo-
morphisms γ around a compact set K in a finite-dimensional complex vector
space X , such that γ|K = idK . This group is not considered as a union of
groups, but as a union of Banach manifolds M1 ⊆M2 ⊆ · · · .
Among others, we shall discuss the following topics in our general setting
(and for the preceding examples):
• Direct limit properties of ascending unions;
• Homotopy groups of ascending unions;
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• When ascending unions are regular Lie groups in Milnor’s sense;
• Questions concerning subgroups of ascending unions.
We now describe the main problems and questions in more detail, together
with some essential concepts. As a rule, references to the literature, answers
(and partial answers) will only be given later, in the actual article.
1.1 Direct limit properties of ascending unions
Consider a Lie group G which is an ascending union G =
⋃
n∈N Gn of Lie
groups, and a map f : G→ X . It is natural to ask:
(a) If X is a smooth manifold (modelled on a locally convex space) and f |Gn
is smooth for each n ∈ N, does it follow that f is smooth?
(b) If X is a topological space and f |Gn is continuous for each n ∈ N, does it
follow that f is continuous?
(c) If X is a Lie group, f is a homomorphism of groups and f |Gn is smooth
for each n ∈ N, does it follow that f is smooth?
(d) If X is a topological group, f is a homomorphism and f |Gn is continuous
for each n ∈ N, does it follow that f is continuous?
As we shall see, (a) and (b) are frequently not true (unless compactness
can be brought into play), while (c) and (d) hold for our typical examples.
The preceding questions can be re-cast in category-theoretic terms: They
amount to asking if G is the direct limit lim
−→
Gn in the categories of smooth
manifolds, topological spaces, Lie groups, resp., topological groups (see 2.8).
The relevant concepts from category theory will be recalled in Section 2.
Questions (b) and (d) can be asked just as well if G and each Gn merely is
a topological group, and each inclusion map is a continuous homomorphism.
Essential progress concerning direct limits of topological groups and their
relations to direct limits of topological spaces were achieved in the last ten
years, notably by N. Tatsuuma, E. Hirai, T. Hirai and N. Shimomura (see
[TSH98] and [HST01]) as well as A. Yamasaki [Ya98]. In Section 3, we recall
the most relevant results.
1.2 Existence of direct limit charts – an essential hypothesis
Meaningful results concerning the topics raised above can only be expected
under additional hypotheses. For instance, our general setting includes the
situation where each Gn is discrete but G is not (as we only assume that the
inclusion maps Gn → G are smooth). In this situation, algebraic properties of
the groups Gn (like simplicity or perfectness) pass to G, but we cannot expect
to gain information concerning the topological or differentiable structure of G
from information on the groups Gn.
A very mild additional hypothesis is the existence of a direct limit chart.
Roughly speaking, this is a chart of G juxtaposed from charts of the Lie
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groups Gn. The formal definition reads as follows (cf. [Gl07b, Definition 2.1]):
Definition. A Lie group G =
⋃
n∈NGn is said to admit a weak direct limit
chart if there exists n0 ∈ N, charts φn : Un → Vn from open identity neigh-
bourhoods Un ⊆ Gn onto open 0-neighbourhoods Vn ⊆ L(Gn) in the tangent
space L(Gn) := T1(Gn) at 1 for n ≥ n0 and a chart φ : U → V from an open
identity neighbourhood U ⊆ G onto an open 0-neighbourhood V ⊆ L(G),
such that
(a) U =
⋃
n≥n0
Un and Un ⊆ Un+1 for each integer n ≥ n0; and
(b) φn+1|Un = L(jn+1,n) ◦ φn and φ|Un = L(jn) ◦ φn for each n ≥ n0.
If, furthermore, L(G) = lim
−→
L(Gn) as a locally convex space,
1 then G =⋃
n∈NGn is said to admit a direct limit chart.
Note that (b) implies that the linear maps L(jn) and L(jn+1,n) are injec-
tive on some 0-neighbourhood and thus injective. Hence, identifying L(Gn)
with its image under L(jn) in L(G), we can re-write (b) as
(b)′ φ|Un = φn and φn+1|Un = φn, for each n ≥ n0.
Furthermore, we now simply have V =
⋃
n≥n0
Vn.
To assume the existence of a direct limit chart is a natural requirement,
which is satisfied by all of our main examples. It provides a link between the
topologies (resp., manifold structures) on G and the Lie groups Gn, and will
be encountered in connection with most of the topics from above.
1.3 Homotopy groups of ascending unions of Lie groups
Given a Lie group G =
⋃
n∈NGn, it is natural to ask if its k-th homotopy
group can be calculated in terms of the homotopy groups πk(Gn) in the form
πk(G) = lim
−→
πk(Gn) , (1)
for each k ∈ N0. This is quite obvious if G =
⋃
n∈NGn is compactly regular in
the sense that each compact subset K of G is a compact subset of some Gn
(see [Gl08b, Proposition 3.3]; cf. [Gl05b, Remark 3.9] and [Ne04c, Lemma A.7]
for special cases, as well as works on stable homotopy theory and K-theory).
There is another, non-trivial condition: If G =
⋃
n∈NGn admits a weak
direct limit chart, then (1) holds [Gl08b, Theorem 1.2]. A variant of this
condition even applies if
⋃
n∈NGn is merely dense in G (see Theorem 1.13
in [Gl08b]). Moreover, ascending unions can be replaced with directed unions
over uncountable families, and Lie groups with manifolds (see Section 9).
These results are based on approximation arguments. Analogous results for
open subsets of locally convex spaces are classical [Pa66].
We mention that knowledge of π0(G) = G/G0, the fundamental group
π1(G) and π2(G) is essential for the extension theory of G. It is needed to
1 Here, we use the bonding maps L(jm,n) : L(Gn) → L(Gm) and the limit maps
L(jn) : L(Gn)→ L(G).
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understand the Lie group extensions 1→ A→ Ĝ→ G→ 1 of G with abelian
kernel, by recent results of K.-H. Neeb (see [Ne02b], [Ne04b], and [Ne07]).
1.4 Regularity in Milnor’s sense
Roughly speaking, a Lie groupG (modelled on a locally convex space) is called
a regular Lie group if all differential equations on G which are of relevance for
Lie theory can be solved, and their solutions depend smoothly on parameters.
To make this more precise, given g, h ∈ G and v ∈ Th(G) let us write g · v :=
(Thλg)(v) ∈ Tgh(G), where λg : G→ G, x 7→ gx denotes left translation by g.
Definition. A Lie group G modelled on a locally convex space is called a
regular Lie group (in Milnor’s sense) if for each smooth curve γ : [0, 1]→ L(G),
there exists a (necessarily unique) smooth curve η = ηγ : [0, 1]→ G (a so-called
“product integral”) which solves the initial value problem
η(0) = 1 (2)
η′(t) = η(t) · γ(t) for all t ∈ [0, 1] (3)
(with 1 ∈ G the identity element), and the “evolution map”
evol: C∞([0, 1],L(G))→ G , evol(γ) := ηγ(1) (4)
is smooth (see [Mr84], [GN08] and [Ne06]). Regularity is a useful property,
which provides a link between G and its Lie algebra. In particular, regularity
ensures the existence of a smooth exponential map expG : L(G) → G, i.e., a
smooth map such that, for each v ∈ L(G),
γv : R→ G , t 7→ expG(tv)
is a homomorphism of groups with initial velocity γ′v(0) = v (cf. [Mr84]).
The modelling space E of a regular Lie group is necessarily Mackey
complete in the sense that the Riemann integral
∫ 1
0 γ(t) dt exists in E for each
smooth curve γ : R → E (cf. Lemma A.5 (1) and p. 4 in [NW07]). Lie groups
modelled on non-Mackey complete locally convex spaces need not even have
an exponential map. For example, this pathology occurs for group G = A×
of invertible elements in the normed algebra A ⊆ C[0, 1] of all restrictions to
[0, 1] of rational functions without poles in [0, 1] (with the supremum norm).
Because A× is an open subset of A, it is a Lie group, and it is not hard to
see that a smooth homomorphism γv : R → A
× with γ′(0) = v exists for
v ∈ A = L(A×) only if v is a constant function [Gl02c, Proposition 6.1].
Further information concerning Mackey completeness can be found [KM97].
At the time of writing, it is unknown whether non-regular Lie groups
modelled on Mackey complete locally convex spaces exist. However, there
is no general method of proof; for each individual class of Lie groups, very
specific arguments are required to verify regularity.
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It is natural to look for conditions ensuring that a union G =
⋃
n∈NGn is
a regular Lie group if so is each Gn. Already the case of finite-dimensional
Lie groups Gn is not easy [Gl05b]. In Section 8, we preview work in progress
concerning the general case. We also describe a construction which might lead
to non-regular Lie groups (Proposition 8.7). The potential counterexamples
are weak direct products of suitable regular Lie groups.
1.5 Subgroups of direct limit groups
It is natural to try to use information concerning the subgroups of Lie
groups Gn to deduce results concerning the subgroups of a Lie group G =⋃
n∈NGn. Aiming at a typical example, let us recall that a topological groupG
is said to have no small subgroups if there exists an identity neighbourhood
U ⊆ G containing no subgroup of G except for the trivial subgroup. Although
finite-dimensional (and Banach-) Lie groups do not have small subgroups, al-
ready for Fre´chet–Lie groups the situation changes: The additive group of the
Fre´chet space RN has small subgroups. In fact, every 0-neighbourhood con-
tains ]−r, r[n×R{n+1,n+2,...} for some n ∈ N and r > 0. It therefore contains
the non-trivial subgroup {0} × R{n+1,n+2,...}.
It is natural to ask whether a Lie group G =
⋃
n∈NGn does not have small
subgroups if none of the Lie groups Gn has small subgroups. In Section 10,
we describe the available answers to this question, and various other results
concerning subgroups of direct limit groups.
1.6 Constructions of Lie group structures on ascending unions
So far, we assumed that G is already equipped with a Lie group structure.
Sometimes, only an ascending sequence G1 ⊆ G2 ⊆ · · · of Lie groups is given
such that all inclusion maps Gn → Gn+1 are smooth homomorphisms. It is
then natural to ask whether the union G =
⋃
n∈NGn can be given a Lie group
structure making each inclusion map Gn → G a smooth homomorphism.
2 We
shall also discuss this complementary problem (in Section 5). If each Gn is
finite-dimensional, then a Lie group structure on G is always available.
1.7 Properties of locally convex direct limits
To enable an understanding of direct limits of Lie groups, an understanding
of various properties of locally convex direct limits is essential, i.e., of direct
limits in the category of locally convex spaces. For instance, we shall see that
if a Lie group G =
⋃
n∈NGn admits a direct limit chart, then G = lim−→
Gn as
a topological space if and only if L(G) = lim
−→
L(Gn) as a topological space.
The latter property is frequently easier to prove (or refute) than the first.
2 Or even making G the direct limit lim
−→
Gn in the category of Lie groups.
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Also compact regularity of G (as in 1.3 above) can be checked on the level of
the modelling spaces (see Lemma 6.1). Another property is useful: Consider a
locally convex space E which is a union
⋃
n∈NEn of locally convex spaces, such
that all inclusion maps are continuous linear maps. We say that E is regular (or
boundedly regular, for added clarity) if every bounded subset of E is a bounded
subset of some En. If one wants to prove that a Lie group
⋃
nGn is regular
in Milnor’s sense, then it helps a lot if one knows that L(G) =
⋃
n L(Gn) is
compactly or boundedly regular (see Section 8).
1.8 Further comments, and some historical remarks
The most typical examples of direct limits of finite-dimensional Lie groups
are unions of classical groups like GL∞(C) =
⋃
n∈NGLn(C) and its sub-
groups GL∞(R) =
⋃
n∈NGLn(R), O∞(R) =
⋃
n∈NOn(R) and U∞(C) =⋃
n∈NUn(C), where A ∈ GLn(C) is identified with the block matrix(
A 0
0 1
)
in GLn+1(C). Thus GL∞(C) is the group of invertible matrices of countable
size, which differ from the identity matrix only at finitely many entries.
Groups of this form (and related ascending unions of homogeneous spaces)
have been considered for a long time in (stable) homotopy theory and K-
theory. Furthermore, results concerning their representation theory can be
traced back to the 1970s (more details are given below). However, only the
group structure or topology was relevant for these studies. Initially, no attempt
was made to consider them as Lie groups.
The Lie group structure on GL∞(C) was first described in [Mr82] and
that on U∞(C) and O∞(R) mentioned (cf. also page 1053 in the survey
article [Mr84]). The first systematic discussion of direct limits of finite-
dimensional Lie groups was given in [NRW91] and [NRW93]. Notably, a
Lie group structure on G = lim
−→
Gn was constructed there under technical
conditions which ensure, in particular, that
lim
−→
expGn : lim−→
L(Gn)→ lim
−→
Gn, x 7→ expGn(x) for all n ∈ N, x ∈ L(Gn)
is a local homeomorphism at 0 (see Section 5 for the sketch of a more general
construction from [Gl05b]). Moreover, situations were described in [NRW93]
where ascending unions of Lie groups (or the corresponding Lie algebras)
can be completed with respect to some coarser topology. Also the Lie group
C∞c (M,H) =
⋃
n∈N C
∞
Kn
(M,H) is briefly discussed in [NRW93] (for finite-
dimensional H), and in [AHK93]. Test function groups with values in possibly
infinite-dimensional Lie groups were treated in [Gl02b]. Compare [ACM89]
for an early discussion of gauge groups and automorphism groups of principal
bundles over non-compact manifolds in the inequivalent “Convenient Setting”
of infinite-dimensional calculus (cf. also [KM97]).
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The first construction of the Lie group structure on Diffc(M) was given
in [Mc80], as part of a discussion of manifold structures on spaces of mappings
between non-compact manifolds. Groups of germs of complex analytic
diffeomorphisms of Cn around 0 were studied in [Pi77]. The real analytic
analogue was discussed in [Le94], groups of germs of more general diffeomor-
phisms in [KR01]. Further recent works will be described later.
It should be stressed that the current article focusses on direct limit groups
as such, i.e., on their structure and properties. Representation theory and
harmonic analysis on such groups are outside its scope. For completeness, we
mention that the study of (irreducible) unitary representations of ascending
unions of finite groups started in the 1960s (see [Th64a] and [Th64b]), notably
for the symmetric group S∞ := lim
−→
Sn. Representations of direct limits of
finite-dimensional Lie groups were first investigated in the 1970s (see [Vo76] for
representations of U∞(C), [KS77] for representations of U∞(C) and SO∞(R)).
Ol’shanski˘ı [Ol83] studied representations for infinite-dimensional spherical
pairs like (GL∞(R), SO∞(R)), (GL∞(C),U∞(C)) and (U∞(C), SO∞(R)).
The representation theory of direct limits of both finite groups and finite-
dimensional Lie groups remains an active area of research. Representations
of O(∞,∞), U(∞,∞) and Sp(∞,∞) were studied in [Dv02] using infinite-
dimensional adaptations of Howe duality. Novel results concerning the
representation theory of U∞(C) and S∞ were obtained in [Ol03] and [KOV04],
respectively. Versions of the Bott-Borel-Weil theorem for direct limits of
finite-dimensional Lie groups were established in [NRW01] and [DPW02]
(in a more algebraic setting). J. A. Wolf also investigated principal series
representations of suitable direct limit groups [Wo05], as well as the regular
representation on some direct limits of compact symmetric spaces [Wo08]. The
paper [AK06] discusses representations of an infinite-dimensional subgroup of
unipotent matrices in GL∞(R). Finally, a version of Bochner’s theorem for
infinite-dimensional spherical pairs was obtained in [Ra07].
There also is a body of literature devoted to irreducible representations
of diffeomorphism groups of (compact or) non-compact manifolds, as well as
quasi-invariant measures and harmonic analysis thereon (see, e.g., [VGG75],
[Ki81], [Hi93], [Sh01], and [Sh05]). Representations of C∞c (M,H) were studied
by R. S. Ismagilov [Is76] and in [AHK93]. Such groups, Diffc(M) and semi-
direct products thereof arise naturally in mathematical physics [Go03].
Direct limits of finite-dimensional Lie groups are also encountered as dense
subgroups of some interesting Banach–Lie groups (like the group U2(H) of
unitary operators on a complex Hilbert space H which differ from idH by
a Hilbert–Schmidt operator) and other groups of operators. This frequently
enables the calculation of the homotopy groups of such groups (see [Pa65],
also [Ne02a]), exploiting that the homotopy groups of many direct limits of
classical groups (like U∞(C)) can be determined using Bott periodicity. Dense
unions of finite-dimensional Lie groups are also useful in representation theory
(see [Ne98] and [Ne04c]).
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We mention a more specialized result: For very particular classes of direct
limits G of finite-dimensional Lie groups, a classification is possible which
uses the homotopy groups of G (notably π1(G) and π3(G)); see [Ku06].
In contrast to direct (or inductive) limits, the dual notion of an inverse (or
projective) limit of Lie groups was used much earlier in infinite-dimensional
Lie theory. Omori’s theory of ILB-Lie groups (which are inverse l imits of
Banach manifolds) gave a strong impetus to the development of the area in
the late 1960s and early 1970s (see [Om97] and the references therein). Many
important examples of infinite-dimensional Lie groups could be discussed in
this approach, e.g. the group C∞(K,H) =
⋂
k∈N0
Ck(K,H) of smooth maps
on a compact manifold K with values in a finite-dimensional Lie group H ,
and the group Diff(K) =
⋂
k∈N Diff
k(K) of C∞-diffeomorphisms of a compact
manifold. The passage from compact to non-compact manifolds naturally
leads to the consideration of direct limits of compactly supported objects.
2 Preliminaries, terminology and basic facts
General conventions.We write N := {1, 2, . . .}, and N0 := N∪{0}. As usual,
R and C denote the fields of real and complex numbers, respectively. If (E, ‖.‖)
is a normed space, x ∈ E and r > 0, we write BEr (x) := {y ∈ E : ‖y−x‖ < r}.
Topological spaces, topological groups and locally convex topological vector
spaces are not assumed Hausdorff. However, manifolds are assumed Haus-
dorff, and whenever a locally convex space serves as the domain or range of
a differentiable map, or as the modelling space of a Lie group or manifold, it
is tacitly assumed Hausdorff. Moreover, all compact and all locally compact
topological spaces are assumed Hausdorff. We allow non-Hausdorff topologies
because direct limits are much easier to describe if the Hausdorff property is
omitted (further explanations will be given at the end of this section).
Infinite-dimensional calculus.We are working in the setting of Keller’s Ckc -
theory [Ke74], in a topological formulation that avoids the use of convergence
structures (as in [Mc80], [Mr84], [Gl02a], [Ne06], and [GN08]). For more infor-
mation on analytic maps, see, e.g., [Gl02a], [GN08] and (for K = C) [BS71].
2.1 Let K ∈ {R,C}, r ∈ N∪{∞}, E and F be locally convex K-vector spaces
and f : U → F be a map on an open set U ⊆ E. If f is continuous, we say
that f is C0. We call f a Cr
K
-map if f is continuous, the iterated real (resp.,
complex) directional derivatives
dkf(x, y1, . . . , yk) := (Dyk · · ·Dy1f)(x)
exist for all k ∈ N such that k ≤ r, x ∈ U and y1, . . . , yk ∈ E, and the maps
dkf : U × Ek → F so obtained are continuous. If K is understood, we write
Cr instead of Cr
K
. If f is C∞, we also say that f is smooth. If K = R, we say
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that f is real analytic (or Cω
R
) if f extends to a C∞
C
-map f˜ : U˜ → FC on an
open neighbourhood U˜ of U in the complexification EC of E.
2.2 We mention that a map f : E ⊇ U → F is C∞
C
if and only if it is
complex analytic i.e., f is continuous and for each x ∈ U , there exists a
0-neighbourhood Y ⊆ E with x + Y ⊆ U and continuous homogeneous poly-
nomials pn : E → F of degree n such that
(∀y ∈ Y ) f(x+ y) =
∞∑
n=0
pn(y) .
Complex analytic maps are also called C-analytic or Cω
C
.
2.3 It is known that compositions of composable Cr
K
-maps are Cr
K
, for each
r ∈ N0 ∪ {∞, ω}. Thus a C
r
K
-manifold M modelled on a locally convex K-
vector space E can be defined in the usual way, as a Hausdorff topological
space, together with a maximal set of homeomorphisms from open subsets
of M to open subsets of E, such that the domains coverM and the transition
maps are Cr
K
. Given r ∈ {∞, ω}, a Cr
K
-Lie group is a group G, equipped with
a structure of Cr
K
-manifold modelled on a locally convex space, such that the
group multiplication and group inversion are Cr
K
-maps. Unless the contrary
is stated, we consider C∞
K
-Lie groups. Throughout the following, the words
“manifold” and “Lie group” will refer to manifolds and Lie groups modelled
on locally convex spaces. We shall write TxM for the tangent space of a
manifold M at x ∈ M and L(G) := T1(G) for the (topological) Lie algebra
of a Lie group G. Given a C1
K
-map f : M → N between C1
K
-manifolds, we
write Txf : TxM → Tf(x)N for the tangent map at x ∈ M . Given a smooth
homomorphism f : G→ H , we let L(f) := T1(f) : L(G)→ L(H).
Direct limits. We recall terminology and basic facts concerning direct limits.
2.4 (General definitions). Let (I,≤) be a directed set, i.e., I is a non-empty
set and ≤ a partial order on I such that any two elements have an upper
bound. Recall that a direct system (indexed by (I,≤)) in a category A is a pair
S := ((Xi)i∈I , (φji)j≥i), where each Xi is an object of A and φji : Xi → Xj a
morphism such that φii = idXi and φkj ◦ φji = φki, for all elements k ≥ j ≥ i
in I. A cone over S is a pair (X, (φi)i∈I), where X is an object of A and each
φi : Xi → X a morphism such that φj ◦ φji = φi whenever j ≥ i. A cone
(X, (φi)i∈I) is a direct limit of S (and we write (X, (φi)i∈I) = lim
−→
S or X =
lim
−→
Xi), if for every cone (Y, (ψi)i∈I) over S, there exists a unique morphism
ψ : X → Y such that ψ ◦ φi = ψi for all i ∈ I. If T = ((Yi)i∈I , (ψji)j≥i) is
another direct system over the same index set, (Y, (ψi)i∈I) a cone over T , and
(ηi)i∈I a family of morphisms ηi : Xi → Yi which is compatible with the direct
systems in the sense that ψji◦ηi = ηj◦φji for all j ≥ i, then (Y, (ψi◦ηi)i∈I) is a
cone over S. We write lim
−→
ηi for the induced morphism ψ : X → Y , determined
by ψ ◦ φi = ψi ◦ ηi.
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Direct limits in the categories of sets, groups and topological spaces are
particularly easy to understand, and we discuss them now. Direct limits of
topological groups (which are a more difficult topic) and direct limits of locally
convex spaces will be discussed afterwards in Sections 3 and 4, respectively.
We concentrate on direct sequences (viz., the case I = N) and actually on as-
cending sequences, to avoid technical complications. This is the more justified
because (except for some counterexamples) hardly anything is known about
direct limits of direct systems of Lie groups which do not admit a cofinal
subsequence.
2.5 (Ascending unions of sets). If X1 ⊆ X2 ⊆ · · · is an ascending sequence of
sets, let φm,n : Xn → Xm be the inclusion map form,n ∈ N withm ≥ n. Then
S := ((Xn)n∈N, (φm,n)m≥n)) is a direct system in the category SET of sets
and maps. Define X :=
⋃
n∈NXn and let φn : Xn → X be the inclusion map.
Then (X, (φn)n∈N) is a cone over S in SET. A sequence of maps ψn : Xn → Y
to a set Y gives rise to a cone (Y, (ψn)n∈N) if and only if
ψm|Xn = ψn for all m,n ∈ N with m ≥ n.
Then ψ : X → Y , ψ(x) := ψn(x) if n ∈ N and x ∈ Xn is a well-defined map,
and is uniquely determined by the requirement that ψ ◦ φn = ψ|Xn = ψn for
each n ∈ N. Thus (X, (φn)n∈N) = lim
−→
S in SET.
2.6 (Direct limits of groups). If each Xn is a group in the situation of 2.5
and each φm,n a homomorphism, then S is a direct system in the category G
of groups and homomorphisms. If x, y ∈ X , there exists n ∈ N such that
x, y ∈ Xn. We define the product of x and y in X as their product in Xn, i.e.,
x · y = φn(x) · φn(y) := φn(x · y). Since each φm,n is a homomorphism, x · y
is independent of the choice of n, and it is clear that the product so defined
makes X a group and each φn : Xn → X a homomorphism. If (Y, (ψn)n∈N) is
a cone over S in G, let ψ : X → Y be the unique map such that ψ ◦ φn = ψn
for each n ∈ N, as in 2.5. Given x, y ∈ X , say x, y ∈ Xn, we then have
ψ(xy) = ψ(φn(xy)) = ψn(xy) = ψn(x)ψn(y) = ψ(x)ψ(y), whence ψ is a
homomorphism. Thus (X, (φn)n∈N) = lim
−→
S in G.
If S = ((Xn)n∈N, (φm,n)) is a direct sequence of groups (with φm,n : Xn → Xm
not necessarily injective), then Kn :=
⋃
m≥n ker(φm,n) is a normal subgroup
of Xn. Consider the quotient groups Gn := Xn/Kn, the canonical quotient
maps qn : Xn → Gn and the homomorphisms ψm,n : Gn → Gm determined
by ψm,n ◦ qn = qm ◦ φm,n. Then each ψm,n is injective and it is clear that the
direct limit (G, (ψn)n∈N) of the “injective quotient system” ((Gn)n∈N, (ψm,n))
yields a direct limit (G, (ψn ◦ qn)n∈N) of S (cf. [NRW91, §3]).
2.7 (Direct limits of topological spaces). If each Xn is a topological space
in the situation of 2.5 and each φm,n : Xn → Xm a continuous map, we
equip X =
⋃
n∈NXn with the finest topology ODL making each inclusion map
φn : Xn → X continuous (the so-called direct limit topology). Thus U ⊆ X is
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open (resp., closed) if and only if φ−1n (U) = U ∩ Xn is open (resp., closed)
in Xn for each n ∈ N. Then (X, (φn)n∈N) = lim
−→
S in the category TOP of
topological spaces and continuous maps. To see this, let (Y, (ψn)n∈N) be a
cone over S in TOP. Let ψ : X → Y be the unique map with ψ ◦ φn = ψn for
each n. If U ⊆ Y is open, then ψ−1(U) ∩Xn = (ψ|Xn)
−1(U) = (ψn)
−1(U) is
open in Xn, for each n. Hence ψ
−1(U) is open in X and thus ψ is continuous.
The direct system S is called strict if each φn is a topological embedding (i.e.,
Xn+1 induces the topology of Xn). Then also the inclusion map φn : Xn → X
is a topological embedding for each n [NRW93, Lemma A.5]. It is also known
that X has the separation property T1 if each Xn is T1 (see, e.g., [Gl05b,
Lemma 1.7 (a)]). And in the case of a direct sequence X1 ⊆ X2 ⊆ · · · of
locally compact spaces Xn, the direct limit topology on
⋃
n∈NXn is Hausdorff
(as observed in [Gl05b, Lemma 1.7 (c)], the strictness hypotheses in [Ha71,
Proposition 4.1 (ii)] and [Gl03a, Lemma 3.1] is unnecessary).
First remarks on ascending unions of Lie groups and direct limits.
Consider an ascending sequence G1 ⊆ G2 ⊆ · · · of C
∞
K
-Lie groups, such
that the inclusion maps jm,n : Gn → Gm are C
∞-homomorphisms for all
m,n ∈ N with m ≥ n. Then S := ((Gn)n∈N, (jm,n)m≥n) is a direct system
in the category LIEK of C
∞
K
-Lie groups and C∞
K
-homomorphisms. One would
not expect that S always has a direct limit in the category of C∞
K
-Lie groups
(although no counterexamples are known at the time of writing). What is
more, there is no general construction principle for a Lie group structure on⋃
n∈NGn such that all inclusion maps jn : Gn → G are C
∞
K
-homomorphisms
(unless restrictive conditions are imposed, as in Section 5).
2.8 However, in many concrete cases we are given such a Lie group structure
onG :=
⋃
n∈NGn. Then (G, (jn)n∈N) is a cone over S in LIEK, and it is natural
to ask if G = lim
−→
Gn as a Lie group. A sequence of C
∞
K
-homomorphisms
fn : Gn → H to a C
∞
K
-Lie group H is a cone over S if and only if
fm|Gn = fn for all m,n ∈ N with m ≥ n.
Then f : G → H , f(x) := fn(x) if n ∈ N and x ∈ Gn is a well-defined
homomorphism. This map is uniquely determined by the requirement that
f ◦ jn = f |Gn = fn for each n ∈ N. Therefore, (G, (jn)n∈N) = lim
−→
S holds in
LIEK if and only if each f of the preceding form is C
∞
K
. A similar argument
applies if H is a topological group, smooth manifold or topological space.
Thus questions (a)–(d) posed in 1.1 amount to asking if G = lim
−→
Gn holds . . .
(a)′ in the category of smooth manifolds (modelled on locally convex spaces)
and smooth maps between them?
(b)′ in the category of topological spaces and continuous maps?
(c)′ in the category LIEK of Lie groups?
(d)′ in the category of topological groups and continuous homomorphisms?
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The Hausdorff property.We allow non-Hausdorff topologies because direct
limits are much easier to describe if the Hausdorff property is omitted. In
fact, we have already seen that it is always possible to topologize a union
X =
⋃
n∈NXn of topological spaces in such a way that it becomes the direct
limit lim
−→
Xn in the category of topological spaces (see 2.7), and likewise a
union of topological groups (resp., locally convex spaces) can always be made
the direct limit in the category of topological groups resp., locally convex
spaces (see Sections 3 and 4). A mere union X =
⋃
n∈NXn is a very concrete
object, and easy to work with.
By contrast, if each Xn is Hausdorff, then the direct limit lim
−→
Xn in the
category of Hausdorff topological spaces (resp., Hausdorff topological groups,
resp., Hausdorff locally convex spaces) can only be realized as a quotient of
X =
⋃
n∈NXn in general, and is a much more elusive object in this case.
Luckily, in all situations we are interested in, X from above injects
continuously into a Lie group and thus X is Hausdorff. Then automatically X
also is the direct limit in the category of Hausdorff topological spaces (resp.,
Hausdorff topological groups, resp., Hausdorff locally convex spaces).
3 Direct limits of topological groups
As an intermediate step towards the study of Lie groups, let us consider a
sequence G1 ⊆ G2 ⊆ · · · of topological groups, such that all inclusion maps
Gn → Gn+1 are continuous homomorphisms. We make G =
⋃
n∈NGn the
direct limit group (as in 2.6) and give it the finest group topology ODLG
making each inclusion map Gn → G continuous. Then G = lim
−→
Gn in the
category of (not necessarily Hausdorff) topological groups. Moreover, if each
Gn is Hausdorff, then the factor group of G modulo the closure {1} ⊆ G is
the direct limit in the category of Hausdorff topological groups.3
Unfortunately, the preceding description of the topology ODLG on the
direct limit topological group is not at all concrete. Various questions are
natural (and also relevant for our studies of Lie groups): Does ODLG coincide
with the direct limit topology ODL (as in 2.7)? Can ODLG be described more
explicitly? Given a group topology on G =
⋃
n∈NGn, how can we prove that
it agrees with ODLG?
We now give some answers to the first and last question. An answer to the
second question, namely the description of ODLG as a so-called “bamboo-
shoot” topology, can be found in [TSH98] and [HST01] (under suitable
hypotheses).
Comparison of ODL and ODLG. It is clear from the definition that the
direct limit topologyODL is finer than ODLG. Moreover,ODL may be properly
3 If G is Hausdorff, then no passage to the quotient is necessary.
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finer than ODLG, as emphasized by Tatsuuma et al. [TSH98].
4 To understand
this difficulty, let ηn : Gn → Gn, x 7→ x
−1 and η : G → G be the inversion
maps and µn : Gn ×Gn → Gn, (x, y) 7→ xy as well as µ : G ×G → G be the
respective group multiplication. Then
η = lim
−→
ηn :
(
lim
−→
Gn,ODL
)
→
(
lim
−→
Gn,ODL
)
is always continuous. However, it may happen that µ is discontinuous (with
respect to the product topology on G × G), in which case (G,ODL) is not a
topological group and hence ODL 6= ODLG. We recall a simple example for
this pathology from [TSH98]:
Example 3.1. Let Gn := Q × R
n−1 with the addition and topology induced
by Rn. Identifying Rn−1 with the vector subspace Rn−1×{0} of Rn, we obtain
a strict direct sequence G1 ⊆ G2 ⊆ · · · of metrizable topological groups. It
can be shown by direct calculation that the direct limit topology ODL does
not make the group multiplication on G :=
⋃
n∈NGn continuous (see [TSH98,
Example 1.2]).
To understand the difficulties concerning the group multiplication (in
contrast to the group inversion) on G =
⋃
n∈NGn, note that we always have
a continuous map
lim
−→
µn :
(
lim
−→
(Gn ×Gn),ODL
)
→
(
lim
−→
Gn,ODL
)
.
Thus µ is continuous as a map from (G×G,ODL) to (G,ODL), i.e., it becomes
continuous if, instead of the product topology, the topology ODL is used on
G×G which makes it the direct limit topological space lim
−→
(Gn ×Gn). This
topology is finer than the product topology and, in general, properly finer.
If the direct limit topology on G × G happens to coincide with the prod-
uct topology, then (G,ODL) is a topological group and thus ODL = ODLG
(cf. [HST01] and [Gl03a, §3]). The following proposition describes a situation
where the two topologies coincide. We recall that a topological space X is
said to be a kω-space if it is the direct limit topological space of an ascending
sequence K1 ⊆ K2 ⊆ · · · of compact topological spaces (see, e.g., [GGH07]
and the references therein).5 Such spaces are always Hausdorff (see 2.7). For
example, every σ-compact, locally compact space is a kω-space. A topological
space X is called locally kω if every point x ∈ X has an open neighbourhood
in X which is a kω-space in the induced topology [GGH07, Definition 4.1].
E.g., every locally compact topological space is locally kω. The topological
space underlying a topological group G is locally kω if and only if G has an
open subgroup which is a kω-space [GGH07, Proposition 5.3]. See [GGH07,
Proposition 4.7] for the following fact. The special case where each Xn and Yn
is locally compact was first proved in [HST01, Theorem 4.1] (cf. also [Gl03a,
Proposition 3.3] for the strict case):
4 In part of the older literature, there was some confusion concerning this point.
5 These spaces can also be characterized as the hemicompact k-spaces.
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Proposition 3.2. Let X1 ⊆ X2 ⊆ · · · and Y1 ⊆ X2 ⊆ · · · be topological
spaces with continuous inclusion maps Xn → Xn+1 and Yn → Yn+1. If each
Xn and each Yn is locally kω, then
lim
−→
(Xn × Yn) =
(
lim
−→
Xn
)
×
(
lim
−→
Yn
)
as a topological space.
Using that direct limits of ascending sequences of locally kω-spaces are
locally kω by [GGH07, Proposition 4.5] (and thus Hausdorff), the preced-
ing discussion immediately entails the following conclusion from [GGH07] (cf.
[TSH98, Theorem 2.7] for locally compact Gn, as well as [Gl03a, Corollary 3.4]
(in the case of a strict direct system)).
Corollary 3.3. Consider a sequence G1 ⊆ G2 ⊆ · · · of topological groups
such that each inclusion map Gn → Gn+1 is a continuous homomorphism. If
the topological space underlying Gn is locally kω for each n ∈ N (for example,
if each Gn is locally compact), then the direct limit topology is Hausdorff and
makes G =
⋃
n∈NGn the direct limit topological group.
3.4 Given topological groups G1 ⊆ G2 ⊆ · · · such that all inclusion maps
Gn → Gn+1 are continuous homomorphisms, consider the conditions:
(a) Gn is an open subgroup of Gn+1 (with the induced topology) for all
sufficiently large n.
(b) For each sufficiently large n, the topological group Gn has an identity
neighbourhood U whose closure in Gm is compact for some m ≥ n.
Then ODL = ODLG holds if (a) or (b) is satisfied [Ya98, Theorems 2 and 3].
By a most remarkable theorem of Yamasaki [Ya98, Theorem 4], the validity of
(a) or (b) is also necessary in order that ODL = ODLG, provided that each Gn
is metrizable and the inclusion maps Gn → Gn+1 are topological embeddings.
Criteria ensuring that a given group topology coincides with ODLG.
Frequently, a given topological groupG is a union G =
⋃
n∈NGn of topological
groups, such that all inclusion maps Gn → Gn+1 and Gn → G are continuous
homomorphisms. In many cases, a criterion from [Gl07b] helps to see that the
given topology on G coincides with ODLG (cf. [Gl07b, Proposition 11.8]).
The criterion uses the weak direct product
∏∗
n∈NGn as a tool. The latter can
be formed for any sequence (Gn)n∈N of topological groups. It is defined as
the subgroup of all (gn)n∈N ∈
∏
n∈NGn such that gn = 1 for all but finitely
many n. The weak direct product is a topological group; a basis for its topology
(the so-called “box topology”) is given by sets of the form
∏
n∈N Un∩
∏∗
n∈NGn
(the “boxes”), where Un ⊆ Gn is open for each n and 1 ∈ Un for almost all n.
Returning to the case where G1 ⊆ G2 ⊆ · · · and G =
⋃
n∈NGn, we can
consider the “product map”
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π :
∏∗
n∈NGn → G , (gn)n∈N 7→ g1g2 · · · gN ,
where N ∈ N is so large that gn = 1 for all n > N .
Proposition 3.5. If the product map π :
∏∗
n∈NGn → G is open at 1, then
the given topology on G coincides with ODLG and thus G = lim
−→
Gn as a
topological group. The openness of π at 1 is guaranteed if there exists a map
σ : Ω →
∏∗
n∈NGn on an identity neighbourhood Ω ⊆ G such that π ◦σ = idΩ,
σ(1) = 1 and σ is continuous at 1.
Remark 3.6. Such a section σ to π might be called a fragmentation map, in
analogy to concepts in the theory of diffeomorphism groups (cf. [Ba97, §2.1]).
Example 3.7. It can be shown that the Lie groups Diffc(M) =
⋃
n∈NDiffKn(M)
and Crc (M,H) =
⋃
n∈N C
r
Kn
(M,H) (as defined in the introduction) always
admit fragmentation maps (even smooth ones); cf. [Gl07b, Lemmas 5.5 and
7.7]. Hence Diffc(M) = lim
−→
DiffKn(M) and C
r
c (M,H) = lim
−→
CrKn(M,H) as
topological groups.
4 Non-linear mappings on locally convex direct limits
Consider a sequence E1 ⊆ E2 ⊆ · · · of locally convex spaces, such that each
inclusion map En → En+1 is continuous and linear. Then there is a finest
locally convex vector topology Olcx on E :=
⋃
n∈NEn making each inclusion
map En → E continuous, called the locally convex direct limit topology.
6
4.1 Some basic properties of locally convex direct limits are frequently used:
(a) If the direct sequence E1 ⊆ E2 ⊆ · · · is strict, then (E,Olcx) induces
the given topology on En, for each n ∈ N (see Proposition 9 (i) in [Bo87,
Chapter II, §4, no. 6]).
(b) If the direct sequence E1 ⊆ E2 ⊆ · · · is strict and each En is Hausdorff,
then also (E,Olcx) is Hausdorff (see Proposition 9 (i) in [Bo87, Chapter II,
§4, no. 6]).
(c) If the direct sequence E1 ⊆ E2 ⊆ · · · is strict and each En complete, then
the locally convex direct limit E =
⋃
n∈NEn is boundedly regular (cf.
Proposition 6 in [Bo87, Chapter III, §1, no. 4]) and hence also compactly
regular, in view of (a).
(d) If the direct sequence E1 ⊆ E2 ⊆ · · · is strict and each En complete, then
also the locally convex direct limit E is complete (see Proposition 9 (iii)
in [Bo87, Chapter II, §4, no. 6]).
6 This topology can be described in various ways. We mention: (1) A convex set
U ⊆ E is open if and only if U ∩En is open in En, for each n ∈ N. (2) A seminorm
q : E → [0,∞[ is continuous if and only if q|En is continuous, for each n ∈ N.
Direct limits of infinite-dimensional Lie groups 17
(e) If also F1 ⊆ F2 ⊆ · · · is an ascending sequence of locally convex spaces,
with locally convex direct limit F =
⋃
n∈N Fn, then the locally convex
direct limit topology on
⋃
n∈N(En × Fn) and the product topology on
E × F coincide [HST01, Theorem 3.4] (because finite direct products
coincide with finite direct sums in the category of locally convex spaces).
The reader may find [Fl80] and [Bi88] convenient points of entry to the
research literature on locally convex direct limits.
We mention that few general results ensuring the Hausdorff property for
locally convex direct limits E = lim
−→
En are known (besides 4.1 (b) just encoun-
tered and Proposition 4.4 below). Some Hausdorff criteria for direct limits of
Banach spaces (and normed spaces) can be found in [Fl79] (see also [Fl80,
p. 214]). In concrete examples, a very simple argument frequently works: If
one can find an injective continuous linear map from E to a some Hausdorff
locally convex space, then E is Hausdorff. However, the fact remains that
non-Hausdorff locally convex direct limits do exist: See [Mk63] for examples
where each En is a Banach space; [Fl80, p. 207] for a simple example (due to
L. Waelbroeck) with each En a normed space; and [Fl80, p. 227, Corollary 2]
for an example where each En is a nuclear Fre´chet space (cf. also [Sv69]).
It is well known that Olcx and ODLG coincide on E =
⋃
n∈NEn, because
on
⊕
n∈NEn =
⋃
n∈N
∏n
k=1Ek, both Olcx and ODLG coincide with the box
topology and
⋃
n∈NEn (with either topology) can be considered as a quotient
of the direct sum (see [Gl07b, Lemma 2.7]; cf. [HST01, Proposition 3.1] for a
different argument. Cf. also [Ko69] and [Bo87, Chapter II, Exercise 14 to §4]).
It is also known that Olcx need not coincide with ODL (see [Sr59] or
Exercise 16 (a) to §4 in [Bo87, Chapter II]; cf. also [Du64, p. 506]). E.g., Olcx is
properly coarser than ODL if each En is an infinite-dimensional Fre´chet space
and En is a proper vector subspace of En+1 with the induced topology, for
each n ∈ N ([KM97, Proposition 4.26 (ii)]; cf. Yamasaki’s Theorem recalled in
Section 3). The following concrete example shows that not even smoothness
or analyticity of f |En ensures that a map f : E → F on a locally convex direct
limit E =
⋃
n∈NEn is continuous (let alone smooth or analytic).
Example 4.2. Consider the map
g : C∞c (R,C)→ C
∞
c (R× R,C) , g(γ) := γ ⊗ γ
between spaces of compactly supported smooth functions, where (γ⊗γ)(x, y)
:= γ(x)γ(y) for x, y ∈ R. It can be shown that g is discontinuous, although
g|C∞
[−n,n]
(R,C) : C
∞
[−n,n](R,C) → C
∞
c (R × R,C) is a continuous homogeneous
polynomial (and hence complex analytic), for each n ∈ N (see Remark 7.9 in
[Gl07b], based on [HST01, Theorem 2.4]).
Remark 4.3. Consider the locally convex direct limit E =
⋃
n∈NEn of Haus-
dorff locally convex spaces E1 ⊆ E2 ⊆ · · · overK ∈ {R,C}. Let U1 ⊆ U2 ⊆ · · ·
be an ascending sequence of open sets Un ⊆ En, and U :=
⋃
n∈N Un. Let
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r ∈ N ∪ {∞}, F be a Hausdorff locally convex space and f : U → F be a
map such that f |Un : En ⊇ Un → F is C
r
K
for each n ∈ N. Assume that E is
Hausdorff and U ⊆ E is open.7 Then the iterated directional derivatives
dkf(x, y1, . . . , yk) = (Dyk · · ·Dy1f)(x)
exist for all k ∈ N with k ≤ r and all x ∈ U and y1, . . . , yk ∈ E, because
x ∈ Un and y1, . . . , yk ∈ En for some n ∈ N and then (Dyk · · ·Dy1f)(x) =
dk(f |Un)(x, y1, . . . , yk). Hence only continuity of the maps d
kf , which satisfy
dkf |Un×(En)k = d
k(f |Un) for all n ∈ N, (5)
may be missing for some k, and may prevent f from being a Cr
K
-map.
We mention that locally convex direct limits of ascending sequences of Banach
spaces (resp., Fre´chet spaces) are called (LB)-spaces (resp., (LF)-spaces). If
the sequence is strict, we speak of LB-spaces (resp., LF-spaces).8 A locally
convex space E is called a Silva space if it is the locally convex direct limit
of an ascending sequence E1 ⊆ E2 ⊆ · · · of Banach spaces, such that all
inclusion maps En → En+1 are compact operators (cf. [Se55] and [Fl71]).
9
Silva spaces are very well-behaved direct limits. We recall from [Fl71]:
Proposition 4.4. If E =
⋃
n∈NEn is a Silva space, then the following hold:
(a) E is Hausdorff and complete;
(b) E =
⋃
n∈NEn is boundedly regular and hence also compactly regular;
10
(c) The locally convex direct limit topology on E coincides with the direct
limit topology ODL;
(d) If also F =
⋃
n∈N Fn is a Silva space, with Fn → Fn+1 compact, then
E × F =
⋃
n∈N(En × Fn) is a Silva space.
11
Some interesting infinite-dimensional Lie groups are modelled on Silva spaces,
e.g. the group Diffω(K) of real analytic diffeomorphisms of a compact real
analytic manifold K (see [Ls82]; cf. [KM97, Theorem 43.4]). More examples
will be encountered below.
Mappings on Silva spaces or unions of kω-spaces. In good cases, the
pathology described in Remark 4.3 cannot occur (see [Gl07b, Lemma 9.7] and
[GGH07, Proposition 8.12]):
Proposition 4.5. Consider the locally convex direct limit E =
⋃
n∈NEn
of Hausdorff locally convex spaces E1 ⊆ E2 ⊆ · · · over K ∈ {R,C}. Let
7 E.g., we might start with an open set U ⊆ E and set Un := U ∩ En.
8 These conventions are local. The meanings of ‘LF’ and ‘(LF)’ vary in the literature.
9 A locally convex space is a Silva space if and only if it is isomorphic to the dual of a
Fre´chet-Schwartz space [Fl71]; therefore Silva spaces are also called (DFS)-spaces.
10 Using that the inclusion maps En → En+1 are compact operators.
11 The inclusions En×Fn → En+1×Fn+1 are compact operators, and 4.1 (e) holds.
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U1 ⊆ U2 ⊆ · · · be an ascending sequence of open sets Un ⊆ En, and
U :=
⋃
n∈N Un. Let r ∈ N0 ∪ {∞}, F be a Hausdorff locally convex space
and f : U → F be a map such that f |Un is C
r
K
for each n ∈ N. Assume that
(a) Each En is a kω-space; or:
(b) En is a Banach space and the inclusion map En → En+1 a compact
operator, for each n ∈ N (in which case E a Silva space).
Then E is Hausdorff and the locally convex direct limit topology on E coincides
with ODL. Moreover, U is open in E and f : U → F is C
r
K
.
In the Silva case, the hypotheses of Proposition 4.5 can be relaxed (cf. [Ls85,
Proposition 2.8]). Real analyticity is more elusive. E.g., there exists a real-
valued map f on the Silva space R(N) := lim
−→
Rn which is not real analytic
although f |Rn is real analytic for each n ∈ N (cf. [KM97, Example 10.8]).
Complex analytic maps on (LB)-spaces. A very useful result from [Da08]
frequently facilitates to check complex analyticity beyond Silva spaces.
Theorem 4.6 (Dahmen’s Theorem). Let E1 ⊆ E2 ⊆ · · · be an ascending
sequence of normed spaces (En, ‖.‖n) over C such that, for each n ∈ N, the
inclusion map En → En+1 is continuous and complex linear, of operator norm
at most 1. Let r ∈ ]0,∞[, Un := {x ∈ En : ‖x‖n < r} for n ∈ N, and F be
a complex locally convex space. Assume that the locally convex direct limit
E =
⋃
n∈NEn is Hausdorff. Then U :=
⋃
n∈N Un is open in E and if
f : U → F
is a map such that f |Un : En ⊇ Un → F is complex analytic and bounded for
each n ∈ N, then f is complex analytic.
Mappings between direct sums. If (En)n∈N is a sequence of locally
convex spaces, we equip
⊕
n∈NEn with the box topology (as introduced before
Proposition 3.5). See [Gl03b, Proposition 7.1] for the following result.
Proposition 4.7. Let (En)n∈N and (Fn)n∈N be sequences of Hausdorff
locally convex spaces, r ∈ N0 ∪ {∞}, Un ⊆ En be open and fn : Un → Fn
be Cr. Assume that 0 ∈ Un and fn(0) = 0 for all but finitely many n ∈ N.
Then
⊕
n∈N Un := (
⊕
n∈NEn) ∩
∏
n∈N Un is open in
⊕
n∈NEn and the map
⊕n∈Nfn :
⊕
n∈N Un →
⊕
n∈N Fn, (xn)n∈N 7→ (fn(xn))n∈N is C
r.
Non-linear maps between spaces of test functions. Let r, s ∈ N0 ∪ {∞},
M be a σ-compact, finite-dimensional Cr-manifold, N be a σ-compact,
finite-dimensional Cs-manifold, E, F be Hausdorff locally convex spaces,
Ω ⊆ Crc (M,E) be open and f : Ω → C
s
c (N,F ) be a map. We say that f
is almost local if there exist locally finite covers (Un)n∈N and (Vn)n∈N of M
(resp., N) by relatively compact, open sets Un ⊆ M (resp., Vn ⊆ N) such
that f(γ)|Vn only depends on γ|Un , i.e.,
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(∀n ∈ N) (∀γ, η ∈ Ω) γ|Un = η|Un ⇒ f(γ)|Vn = f(η)|Vn .
E.g., f is almost local if M = N and f is local in the sense that f(γ)(x) only
depends on the germ of γ at x ∈ M . As shown in [Gl02d] (see also [Gl04b,
Theorem 10.4]), almost locality prevents pathologies as in Example 4.2.
Proposition 4.8. Let r, s, t ∈ N0 ∪ {∞} and f : C
r
c (M,E) ⊇ Ω → C
s
c (N,F )
be an almost local map. Assume that the restriction of f to Ω ∩CrK(M,E) is
Ct, for each compact set K ⊆M . Then f is Ct.
An analogous result is available for mappings between open subsets of spaces
of compactly supported sections in vector bundles. Almost local maps between
subsets of the space of compactly supported smooth vector fields occur in the
construction of the Lie group structure on Diffc(M) (see [Gl02d]; cf. [Gl05a]
and [Gl04b]).
The proof of Proposition 4.8 exploits that the map
σ : Cs(N,F )→
⊕
n∈N
Cs(Vn, F ) , γ 7→ (γ|Vn)n∈N
is a linear topological embedding with closed image [Gl04b, Proposition 8.13],
for each locally finite cover (Vn)n∈N of N by relatively compact, open sets Vn.
It hence suffices to show that σ◦f is Ct. Let us assume that Ω = Crc (M,E) for
simplicity. There is a locally finite cover (U˜n)n∈N of M by relatively compact,
open sets such that U˜n contains the closure of Un. Let hn : U˜n → R be a
compactly supported smooth map such that hn|Un = 1. Then the following
map is Ct:
fn : C
r(U˜n, E)→ C
s(Vn, F ) , fn(γ) := f(hn · γ)|Vn .
Set ρ : Crc (M,E)→
⊕
n∈N C
r(U˜n, E), γ 7→ (γ|eUn)n. Then σ◦f = (⊕n∈Nfn)◦ρ,
where ⊕n∈Nfn is C
t by Proposition 4.7. Hence σ ◦ f and thus f is Ct. ⊓⊔
5 Lie group structures on directed unions of Lie groups
In some situations, it is possible to construct Lie group structures on ascending
unions of Lie groups.
Unions of finite-dimensional Lie groups. In the case of finite-dimensional
manifolds, an Extension Lemma for Charts is available [Gl05b, Lemma 2.1]:
If M and N are finite-dimensional C∞-manifolds such that M ⊆ N and
the inclusion map M → N is an immersion, then each chart φ : U → V of M
which is defined on a relatively compact, (smoothly) contractible subset U ⊆M
extends to a chart of N on a domain with analogous properties.
Now consider a sequence G1 ⊆ G2 ⊆ · · · of finite-dimensional Lie groups
such that the inclusion maps are smooth homomorphisms. Let x ∈ G :=
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n∈NGn, say x ∈ Gn0 . We then pick a chart φn0 of Gn0 around x whose
domain is relatively compact and contractible, and use the extension lemma
to obtain charts φn of Gn for n > n0 which are defined on relatively compact,
contractible open sets, and such that φn extends φn−1. One then easily verifies
(using Proposition 4.5) that the homeomorphisms φ := lim
−→
φn so obtained de-
fine a C∞-atlas on G (equipped with the direct limit topology), which makes
the latter a Lie group modelled on lim
−→
L(Gn) (see [Gl05b]).
12 By construction,
G =
⋃
n∈NGn admits direct limit charts. Moreover, it is clear from the con-
struction that G = lim
−→
Gn as a topological space and as a topological group.
Using Proposition 4.5, one easily infers that G = lim
−→
Gn also as a smooth
manifold and as a Lie group (see [Gl05b, Theorem 4.3]).
Remark 5.1. The preceding construction applies just as well to ascending
unions of finite-dimensional smooth manifolds Mn, such that all inclusion
maps are immersions.13 This enables G/H to be turned into the direct limit
C∞-manifold lim
−→
Gn/(H ∩Gn), for each closed subgroup H ⊆ G (see [Gl05b,
Proposition 7.5]). Then the quotient map G → G/H makes G a principal
H-bundle over G/H , using a suitable extension lemma for sections in nested
principal bundles [Gl05b, Lemma 6.1].
We mention that an equivariant version of the above extension lemma
(namely [Wk07, Lemma 1.13]) can be used to turn the gauge group Gau(P )
into a Lie group, for each smooth principal bundle P → K over a compact
smooth manifold K whose structure group is a direct limit G = lim
−→
Gn of
finite-dimensional Lie groups (see [Wk07, Lemma 1.14 (e) and Theorem 1.11]).
Remark 5.2. Direct limits G = lim
−→
Gn of finite-dimensional Lie groups are
regular Lie groups in Milnor’s sense [Gl05b, Theorem 8.1], but they can be
quite pathological in other ways. E.g., the exponential map expG = lim
−→
expGn
need not be injective on any 0-neighbourhood, and the exponential image need
not be an identity neighbourhood in G. Both pathologies occur for
G := C(N)×R = lim
−→
Cn×R ,
where t ∈ R acts on C(N) via t.(zk)k∈N := (e
iktzk)k∈N. This can be checked
quite easily, using that the exponential map of G is given explicitly by
expG((zk)k∈N, t) =
((
eikt−1
ikt
zk
)
k∈N
, t
)
(see [Gl03a, Example 5.5]).
The preceding general construction implies that every countably-dimensional
locally finite Lie algebra g (i.e., each union g =
⋃
n∈N gn of finite-dimensional
Lie algebras g1 ⊆ g2 ⊆ · · · ), when endowed with the finest locally convex
vector topology, arises as the Lie algebra of some regular Lie group.14 Such
12 Cf. [NRW91], [KM97, Theorem 47.9] and [Gl03a] for earlier, less general results.
13 Compare [Ha71] for
S
n∈N
Mn as a topological manifold.
14 One chooses a simply connected Lie group Gn with Lie algebra gn and forms the
direct limit group G = lim
−→
Gn (see [Gl05b, Theorem 5.1] for the details).
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locally finite Lie algebras have been much studied in recent years, e.g. by
Yu. Bahturin, A. A. Baranov, G. Benkart, I. Dimitrov, K.-H. Neeb, I. Penkov,
H. Strade, N. Stumme, A. E. Zalesski˘ı, and others (see [BBZ04], [BB04],
[DP04], [Ne00], [NS01], [PS03], [St99] and the references therein).
Unions of Banach–Lie groups. These are Lie groups under additional
hypotheses (which, e.g., exclude the pathologies described in Remark 5.2).
Theorem 5.3. Let G1 ⊆ G2 ⊆ · · · be Banach–Lie groups over K ∈ {R,C},
such that all inclusion maps λn : Gn → Gn+1 are C
∞
K
-homomorphisms. Set
G :=
⋃
n∈NGn. Assume that (a)–(c) are satisfied:
(a) For each n ∈ N, there exists a norm ‖.‖n on L(Gn) defining its topology,
such that ‖[x, y]‖n ≤ ‖x‖n‖y‖n for all x, y ∈ L(Gn) and the continuous
linear map L(λn) : L(Gn)→ L(Gn+1) has operator norm at most 1.
(b) The locally convex direct limit topology on g :=
⋃
n∈N L(Gn) is Hausdorff.
(c) expG := lim−→
expGn : g→ G is injective on some 0-neighbourhood.
Then there exists a K-analytic Lie group structure on G which makes expG
a K-analytic local diffeomorphism at 0. If, furthermore, g =
⋃
n∈NL(Gn) is
compactly regular, then G is a regular Lie group in Milnor’s sense.
Sketch of proof. The Lie group structure is constructed in [Da08], along the
following lines: Applying Dahmen’s Theorem 4.6 (to the complexification gC,
if K = R), one finds that the Baker–Campbell–Hausdorff (BCH-) series con-
verges to a K-analytic map
⋃
n∈NB
L(Gn)
r (0)×B
L(Gn)
r (0)→ g for some r > 0.
Because expG is locally injective, it induces an isomorphism φ of local groups
from some 0-neighbourhood U ⊆
⋃
n∈NB
L(Gn)
r (0) onto some subset V of G.
We give V the Cω
K
-manifold structure making φ a Cω
K
-diffeomorphism. Now
standard arguments can be used to make G a Lie group with V as an open
submanifold. The proof of regularity will be sketched in Section 8. ⊓⊔
The author does not know whether the Lie groups G in Theorem 5.3 are
always the direct limit lim
−→
Gn in the category of Lie groups (unless additional
hypotheses are satisfied).
Another construction principle. There is another construction principle
for a Lie group structure on a union G =
⋃
n∈NGn of Lie groups (or a group
which is a union G =
⋃
n∈NMn of manifolds), which produces Lie groups
modelled on Silva spaces or ascending unions of kω-spaces. A direct limit Lie
group structure can be constructed on G if (1) there are compatible charts φn
of the Lie groups Gn (resp., the manifolds Mn) around each point in G; and
(2) suitable hypotheses are satisfied which ensure that the transition maps
between charts of the form lim
−→
φn are C
∞
K
, because they are mappings of the
form discussed in Proposition 4.5 (see [Gl07b, Lemma 14.5]).
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6 Examples of directed unions of Lie groups
The main examples of ascending unions of infinite-dimensional Lie groups
were already briefly described in the introduction. We now provide more
details. Notably, we discuss the existence of direct limit charts, and compact
regularity. As already mentioned, the latter gives information on the homo-
topy groups (see (1)) and can help to verify regularity in Milnor’s sense (see
Theorem 5.3 and Section 8). A special case of [Gl08b, Corollary 3.6] is useful.
Lemma 6.1. If the Lie group G =
⋃
n∈NGn admits a weak direct limit chart,
then G =
⋃
n∈NGn is compactly regular if and only if L(G) =
⋃
n∈N L(Gn) is
compactly regular.
In the case of an (LF)-space E =
⋃
n∈NEn, there is a quite concrete charac-
terization of compact regularity only in terms of properties of the steps En
(see [We03, Theorem 6.4 and its corollary]):
Theorem 6.2. Let E1 ⊆ E2 ⊆ · · · be Fre´chet spaces, with continuous linear
inclusion maps. Give E =
⋃
n∈NEn the locally convex direct limit topology.
Then E =
⋃
n∈NEn is compactly regular if and only if for each n ∈ N, there
exists m ≥ n such that for all k ≥ m, there is a 0-neighbourhood U in En on
which Ek and Em induce the same topology. In this case, E is also boundedly
regular and complete.
We mention that a Hausdorff (LF)-space is boundedly regular if and only if
it is Mackey complete [Fl80, 1.4 (f), p. 209].
Groups of compactly supported diffeomorphisms. The Lie group
Diffc(M) =
⋃
n∈NDiffKn(M) (discussed in the introduction) admits a direct
limit chart (cf. [Gl07b, §5.1]). Moreover, the LF-space Vc(M) =
⋃
n∈N VKn(M)
is compactly regular (see 4.1 (c)) and hence also Diffc(M) (by Lemma 6.1).
To avoid exceptional cases in our later discussions of direct limit properties,
we assume henceforth that M is non-compact and of positive dimension.
Test function groups. LetM and an exhaustion K1 ⊆ K2 ⊆ · · · ofM be as
in the definition of Diffc(M), H be a Lie group modelled on a locally convex
space, and r ∈ N0 ∪ {∞}. We consider the “test function group” C
r
c (M,H)
of Cr-maps γ : M → H such that the closure of {x ∈ M : γ(x) 6= 1} (the
support of γ) is compact. Let CrKn(M,H) be the subgroup of functions sup-
ported in Kn. Then C
r
Kn
(M,H) is a Lie group modelled on CrKn(M,L(H)),
and Crc (M,H) is a Lie group modelled on the locally convex direct limit
Crc (M,L(H)) = lim
−→
CrKn(M,L(H)) ([Gl02b]; cf. 1.8 for special cases). Also,
Crc (M,H) =
⋃
n∈N C
r
Kn
(M,H)
admits a direct limit chart (cf. [Gl07b, §7.1]). Furthermore, Crc (M,L(H)) =⋃
n C
r
Kn
(M,L(H)) is compactly regular as a consequence of 4.1 (c). We now
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assume that H is non-discrete and M non-compact, of positive dimension.
Weak direct products of Lie groups. Given a sequence (Hn)n∈N of Lie
groups, its weak direct product G :=
∏∗
n∈NHn (as introduced before Proposi-
tion 3.5) has a natural Lie group structure [Gl03b, §7], modelled on the locally
convex direct sum
⊕
n∈N L(Hn). Then G =
⋃
n∈NGn, identifying the partial
productGn :=
∏n
k=1Hk with a subgroup ofG. By construction,G =
⋃
n∈NGn
has a direct limit chart. Furthermore, L(G) =
⊕
n∈N L(Hn) = lim−→
L(Gn) is
compactly regular, as locally convex direct sums are boundedly regular [Bo87,
Ch. 3, §1, no. 4, Proposition 5] and induce the given topology on each finite
partial product (cf. Propositions 7 or 8 (i) in [Bo87, Ch. 2, §4, no. 5]). To avoid
exceptional cases, we assume henceforth that each Hn is non-discrete.
Unit groups of unions of Banach algebras. Let A1 ⊆ A2 ⊆ · · · be unital
complex Banach algebras (such that all inclusion maps are continuous homo-
morphisms of unital algebras). Give A :=
⋃
n∈NAn the locally convex direct
limit topology. Then A× is open in A and if A is Hausdorff (which we assume
now), then A× is a complex Lie group [Gl07b, Proposition 12.1]. Moreover,
A× =
⋃
n∈NA
×
n , and the identity map idA× is a direct limit chart (cf. [DW97]
and [Ed99] for related results).
If each inclusion map An → An+1 is a topological embedding or each
inclusion map a compact operator, then A =
⋃
n∈NAn and hence also A
× =⋃
n∈NA
×
n is compactly regular. However, for particular choices of the steps,
A =
⋃
n∈NAn is not compactly regular (see [Gl08b, Example 7.8], based on
[BMS82, Remark 1.5]).
Lie groups of germs of analytic mappings. Let H be a complex Banach-
Lie group, ‖.‖ be a norm on L(H) defining its topology, X be a complex
metrizable locally convex space and K ⊆ X be a non-empty compact set. Let
W1 ⊇ W2 ⊇ · · · be a fundamental sequence of open neighbourhoods of K
in X such that each connected component of Wn meets K. Then the set
Germ(K,H) of germs around K of H-valued complex analytic functions on
open neighbourhoods of K can be made a Lie group modelled on the locally
convex direct limit
Germ(K,L(H)) = lim
−→
Holb(Wn,L(H))
of the Banach spaces gn := Holb(Wn,L(H)) of bounded L(H)-valued complex
analytic functions on Wn, equipped with the supremum norm (see [Gl04a]).
The group operation arises from pointwise multiplication of representatives of
germs. The identity component Germ(K,H)0 is the union
Germ(K,H)0 =
⋃
n∈N
Gn
of the Banach–Lie groups Gn := 〈[expH ◦ γ] : γ ∈ gn〉, and Germ(K,H)0 =⋃
n∈NGn admits a direct limit chart [Gl07b, §10.4]. Theorem 6.2 implies
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that Germ(K,L(H)) =
⋃
n∈N gn is compactly regular (see [DG08]), and
thus Germ(K,H)0 =
⋃
n∈NGn is compactly regular (see already [Ch85,
Theorems 21.15 and 21.23] for the bounded regularity and completeness of
Germ(K,L(H)) if X is a normed space; cf. [Mj79]). In the most relevant case
whereX andH are finite-dimensional, we can chooseWn+1 relatively compact
in Wn. Then the restriction maps Holb(Wn,L(H)) → Holb(Wn+1,L(H)) are
compact operators [Gl07b, §10.5] and thus Germ(K,L(H)) is a Silva space.
Lie groups of germs of analytic diffeomorphisms. If X is a complex
Banach space and K ⊆ X a non-empty compact set, let GermDiff(K,X) be
the set of germs around K of C-analytic diffeomorphisms γ : U → V between
open neighbourhoods U and V of K (which may depend on γ), such that
γ|K = idK . Then GermDiff(K,X) is a Lie group modelled on the locally
convex direct limit
Germ(K,X)K := lim
−→
Holb(Wn, X)K ,
where Wn and Holb(Wn, X) are as in the last example and Holb(Wn, X)K :=
{ζ ∈ Holb(Wn, X) : ζ|K = 0} (see [Gl07b, §15] for the case dim(X) <∞, and
[Da08] for the general result). The group operation arises from composition of
representatives of germs. Now the set Mn of all elements of GermDiff(K,X)
having a representative in Holb(Wn, X)K is a Banach manifold, and
GermDiff(K,X) =
⋃
n∈N
Mn
has a direct limit chart (see [Da08]; cf. [Gl07b, Lemma 14.5 and §15]).
GermDiff(K,X)=
⋃
nMn is compactly regular by Theorem 6.2 and Lemma 6.1
(see [Da08]); if X is finite-dimensional, then Germ(K,X)K is a Silva space.
Unions of Lie groups modelled on Sobolev spaces. The Lie groups
H↓s(K,F ) =
⋃
n∈NH
s+ 1
n (K,F ) (as in the introduction) are studied in the
work in progress [DG08]. By construction, they admit a direct limit chart, and
they are modelled on the Silva space H↓s(K,L(F )) =
⋃
n∈NH
s+ 1
n (K,L(F ))
(and hence compactly regular). We mention that the Lie group structure
on H↓s(K,F ) can be obtained via Theorem 5.3; therefore H↓s(K,F ) is a
regular Lie group in Milnor’s sense. Compare [Pk08] (in this volume) for
analysis and probability theory on variants of the Lie groups Hs(K,F ) (with
s > dim(K)/2), and limit processes as s ↓ dim(K)/2.
7 Direct limit properties of ascending unions
We now discuss the direct limit properties of ascending unions of infinite-
dimensional Lie groups in the categories of Lie groups, topological groups,
smooth manifolds and topological spaces.
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Tools to prove or disprove direct limit properties. Such tools were
provided in [Gl07b]. Recall that a real locally convex space E is said to be
smoothly regular (or: to admit smooth bump functions) if the topology on E
is initial with respect to C∞(E,R).
Remark 7.1. If U ⊆ E is a 0-neighbourhood and the topology is initial
with respect to C∞(E,R), then
⋂n
j=1 f
−1
j (]−ε, ε[) ⊆ U for suitable ε > 0
and f1, . . . , fn ∈ C
∞(E,R) such that f1(0) = · · · = fn(0) = 0. Then
f−1(]−δ, δ[) ⊆ U with f := f21 + · · · + f
2
n and δ := ε
2. Let g : R → R be
a smooth function such that g(R) ⊆ [0, 1], g(0) = 1 and g(x) = 0 if |x| ≥ δ/2.
Then h := g ◦ f : E → R is a smooth function such that h(0) = 1 and
supp(h) ⊆ U (a “smooth bump function” supported in U). This explains the
terminology.
Example 7.2. Every Hilbert space H admits smooth bump functions (because
H → R, x 7→ ‖x‖2 is smooth). As a consequence, every locally convex space
which admits a linear topological embedding into a direct product of Hilbert
spaces (for example, every nuclear locally convex space) admits smooth bump
functions (cf. also [KM97, Chapter III]).
Proposition 7.3. Consider a Lie group G =
⋃
n∈NGn, where G1 ⊆ G2 ⊆ · · ·
are Lie groups and all inclusion maps Gn → Gn+1 and Gn → G are smooth
homomorphisms. Assume that G =
⋃
n∈NGn admits a direct limit chart. Then
the following hold:
(a) If G = lim
−→
Gn as a topological group, then G = lim
−→
Gn as a Lie group.
(b) G = lim
−→
Gn as a topological space if and only if L(G) = lim
−→
L(Gn) as a
topological space.
(c) If L(G) admits smooth bump functions, then G = lim
−→
Gn as a C
∞
R
-
manifold if and only if L(G) = lim
−→
L(Gn) as a C
∞
R
-manifold.
Direct limit properties of the main examples. Using Proposition 7.3,
Proposition 3.5 (to recognize direct limits of topological groups) and a
counterpart of Proposition 4.5 for analogous ascending unions of mani-
folds [Gl07b, Proposition 9.8], one obtains the following information concern-
ing the direct limit properties of the examples from in Section 6 (see [Gl07b];
the properties of H↓s(K,F ) follow from [Gl07b, Proposition 9.8]).
The entries in the following table indicate whether G = lim
−→
Gn holds in
the category shown on the left, for the Lie group described at the top. The
abbreviation “dep” is used if the answer depends on special properties of
the group(s) involved. We abbreviate “category” by “cat,” “group” by “gp,”
“space” by “sp,” “topological” by “top”, and “smooth manifold” by “mfd.”
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cat\gp Diffc(M) C
∞
c (M,H)
Q∗
nHn A
× Germ(K,H)0 GermDiff(K,X) H
↓s(K,F )
Lie gps yes yes yes yes yes — yes
top gps yes yes yes yes yes — yes
mfds no no dep* dep** yes† yes†† yes
top sps no no dep* dep** yes† yes†† yes
* “yes” if each Hn is finite-dimensional or modelled on a kω-space; “no” if each Hn
is modelled on an infinite-dimensional Fre´chet space (which we assume nuclear
when dealing with the category of smooth manifolds). Other cases unclear.
** “yes” if each An is finite-dimensional or each inclusion map λn : An → An+1 a
compact operator; “no” (when dealing with the category of topological spaces), if
An is infinite-dimensional, An ⊂ An+1 and λn a topological embedding for
each n. Other cases unclear.
† “yes” if X and H are finite-dimensional; general case unknown.
†† “yes” if X is finite-dimensional; general case unknown.
8 Regularity in Milnor’s sense
Experience tells that if one tries to prove regularity in Milnor’s sense for a Lie
group G =
⋃
n∈NGn, then regularity of the Lie groups Gn does not suffice
to carry out the desired arguments. But strengthened regularity properties
increase the chances for success.
Definition 8.1. Given k ∈ N0, we say that a Lie group G is C
k-regular if it
is a regular Lie group in Milnor’s sense and
evolG : C
∞([0, 1],L(G))→ G
is smooth with respect to the Ck-topology on C∞([0, 1],L(G)) (induced by
Ck([0, 1],L(G))). If each γ ∈ Ck([0, 1],L(G)) has a product integral ηγ and
the map
evolG : C
k([0, 1],L(G))→ G , γ 7→ ηγ(1)
is smooth, then we say that the Lie group G is strongly Ck-regular.
E.g., every Banach–Lie group is strongly C0-regular [GN08]. Although much of
the following remains valid for Ck-regular Lie groups, we shall presume strong
Ck-regularity, as this simplifies the presentation. We also suppress possible
variants involving bounded regularity instead of compact regularity. All results
presented in this section are taken from [DG08].
In the regularity proofs for our main classes of direct limit groups, we
always use an isomorphism Ck([0, 1], lim
−→
En) ∼= lim
−→
Ck([0, 1], En) at a pivotal
point. Let us begin with the elementary case of locally convex direct sums.
Lemma 8.2. If (En)n∈N is a sequence of Hausdorff locally convex spaces, then
Ck([0, 1],
⊕
n∈NEn) =
⊕
n∈N C
k([0, 1], En), for all k ∈ N0.
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Sketch of proof. The locally convex direct sum
⊕
n∈NEn =
⋃
n∈N(E1×· · ·×En)
is compactly regular, because it is boundedly regular by [Bo87, Chapter 3, §1,
no. 4, Proposition 5] and induces the given topology on each finite partial
product (cf. Propositions 7 or 8 (i) in [Bo87, Chapter 2, §4, no. 5]). Therefore
Ck([0, 1],
⊕
n∈NEn) and
⊕
n∈NC
k([0, 1], En) coincide as sets. Comparing
0-neighbourhoods, we see that both vector topologies coincide (using that
boxes are typical 0-neighbourhoods in a countable direct sum). ⊓⊔
Remark 8.3. Although C∞([0, 1],R(N)) =
⋃
n∈N C
∞([0, 1],Rn) as a set, the
topology on the left hand side is properly coarser than the locally convex
direct limit topology Olcx on the right hand side, because{
γ = (γn)n∈N ∈ C
∞([0, 1],R(N)) : (∀n ∈ N) d
nγn
dxn
(0) ∈ ]−1, 1[
}
∈ Olcx
is not a 0-neighbourhood in C∞([0, 1],R(N)) = lim
←−m∈N0
Cm([0, 1],R(N)). Thus
Lemma 8.2 becomes false for k = ∞, explaining the need for Ck-regularity
with finite k.
Weak direct products of Lie groups. If k ∈ N0 and (Hn)n∈N is a sequence
of strongly Ck-regular Lie groups, then
∏∗
n∈NHn is strongly C
k-regular (and
hence regular) since its evolution map can be obtained as the composition
Ck
(
[0, 1],
⊕
n L(Hn)
) ∼=
−→
⊕
n C
k([0, 1],L(Hn))
⊕n∈N evolHn−→
∏∗
nHn
(cf. Proposition 4.7 for the definition and smoothness of ⊕n evolHn).
Test function groups. Given a σ-compact, finite-dimensional smooth
manifoldM and a Ck-regular Lie groupH , pick a locally finite family (Mn)n∈N
of compact submanifolds with boundary ofM , the interiors of which coverM .
Then standard arguments (based on suitable exponential laws for function
spaces) show that Hn := C
r(Mn, H) is C
k-regular, for each n ∈ N. The map
σ : Crc (M,L(H)) →
⊕
n C
r(Mn,L(H)), γ 7→ (γ|Mn)n∈N is continuous linear
and hence also the map τ := Ck([0, 1], σ) from Ck([0, 1], Crc (M,L(H))) to
Ck([0, 1],
⊕
n C
r(Mn,L(H))) ∼=
⊕
n C
k([0, 1], Cr(Mn,L(H))). Furthermore,
ρ : G := Crc (M,H)→
∏∗
n∈NC
r(Mn, H) , γ 7→ (γ|Mn)n∈N
is an isomorphism of Lie groups onto a closed Lie subgroup (and embedded
submanifold) of the weak direct product P . Using point evaluations, one finds
that the composition
evolP ◦ τ = ⊕n evolHn ◦ τ : C
r
c (M,H)→
∏∗
n∈NC
r(Mn, H)
(which is smooth by the preceding example) takes its image in the image of ρ.
Then f := ρ−1 ◦ evolP ◦ τ : C
k([0, 1], Crc (M,L(H)))→ C
r
c (M,H) is a smooth
map, and one verifies using point evaluations that f = evolG.
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A similar (but more complicated) argument shows that Diffc(M) is regular.
Ascending unions of Banach–Lie groups. As a preliminary, observe that
regularity in Milnor’s sense (and strong Ck-regularity) can be defined just
as well for local Lie groups G; in this case, one requires that a smooth
evolution evolG exists on some open 0-neighbourhood in C
∞([0, 1],L(G))
(resp., Ck([0, 1],L(G))). In the case of global Lie groups, the local notions
of regularity are equivalent to the corresponding global ones (see [DG08] and
[GN08]; cf. [KM97, lemma on p. 409]). See [Sm78] for the next theorem (and
[Mj83] or [Sm83, Theorem I.7.2] for a variant beyond compact regularity).
Theorem 8.4. Consider a Hausdorff locally convex space E which is the
locally convex direct limit of Hausdorff locally convex spaces E1 ⊆ E2 ⊆ · · · .
If E =
⋃
n∈NEn is compactly regular, then the natural continuous linear map
lim
−→
C([0, 1], En)→ C([0, 1], E)
is an isomorphism of topological vector spaces.
Remark 8.5. If E is a locally convex space which is integral complete,15 then
Ck([0, 1], E) ∼= Ek × C([0, 1], E) (6)
naturally via γ 7→ (γ(0), . . . , γ(k−1)(0), γ(k)), for each k ∈ N. If E = lim
−→
En is a
locally convex direct limit of integral complete locally convex spaces and E =⋃
n∈NEn is compactly regular, then also E is integral complete. Moreover, (6),
4.1 (e) and Theorem 8.4 imply that
lim
−→
Ck([0, 1], En) ∼= C
k([0, 1], lim
−→
En) . (7)
Alternatively, (7) follows from Theorem 8.4 because Ck([0, 1], E) ∼= C([0, 1], E)
naturally if E is integral complete [DG08], as follows from (6) and the fact
that C([0, 1], E) ∼= Em × C([0, 1], E) naturally for each m ∈ N, by a suitable
(elementary) variant of Miljutin’s Theorem [Mi66] provided in [DG08].
8.6 Assume that g =
⋃
n∈NL(Gn) is compactly regular in Theorem 5.3.
Following [DG08], we now explain in the essential case where K = C that
G is regular in Milnor’s sense.16 Let r > 0 be as in the earlier parts of the
proof and Un := B
L(Gn)
r (0). Because the BCH-series has the same shape for
each n ∈ N, one finds s > 0 such that an evolution evolUn exists as a map from
C([0, 1], B
L(Gn)
s (0)) to Un, for each n ∈ N. Since Un is bounded, Theorem 4.6
shows that evolU := lim
−→
evolUn :
⋃
n∈N C([0, 1], B
L(Gn)
s (0)) → U :=
⋃
n∈N Un
is C-analytic and hence also expG ◦ evolU , which is a local group version of the
evolution map for G. Hence G is regular and in fact strongly C0-regular. ⊓⊔
15 That is, every continuous curve γ : [0, 1]→ E has a Riemann integral in E [LS00].
16 The real case follows easily via complexification on the level of local groups.
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Using Theorem 5.3, one readily deduces that Germ(K,H) and H↓s(K,F ) are
strongly C0-regular, and also A× =
⋃
n∈NA
×
n if A =
⋃
n∈NAn is compactly
regular (see [DG08]). The proof of compact regularity for GermDiff(K,X) is
more involved, but eventually also boils down to Theorem 4.6 (see [Da08]).
An idea which might lead to non-regular Lie groups. An observation
from [DG08] might be a source of Lie groups which are not regular in Milnor’s
sense although they are modelled on Mackey complete locally convex spaces:
Proposition 8.7. Suppose that, for each n ∈ N, there exists a Lie group Hn
modelled on a Mackey complete locally convex space which is regular but not
Cn-regular because evolHn : C
∞([0, 1],L(Hn)) → Hn is discontinuous with
respect to the Cn-topology. Then G :=
∏∗
n∈NHn is a Lie group modelled on
the Mackey complete locally convex space L(G) =
⊕
n∈NL(Hn). It has an
evolution evolG : C
∞([0, 1],L(G)) → G, but evolG fails to be continuous and
thus G is not a regular Lie group in Milnor’s sense.
9 Homotopy groups of ascending unions of Lie groups
We have seen that all main examples of ascending unions G =
⋃
n∈NGn of
Lie groups admit a direct limit chart, and thus
πk(G) = lim
−→
πk(Gn) for all k ∈ N0 (8)
(see 1.3). Alternatively, many (but not all) of them are compactly regular.
In this case, (8) holds by an elementary argument, but one has to pay the
price that the proof of compact regularity may require specialized functional-
analytic tools (like Wengenroth’s theorem recalled above).
It is an interesting feature that the approach via (weak) direct limit charts
even extends to Lie groups G in which an ascending union
⋃
n∈NGn is merely
dense (and to similar, more general situations). Weak direct limit charts (as
defined in 1.2) have to be replaced by certain “well-filled charts” then. The
precise setting will be described now. Besides smooth manifolds, it applies
to topological manifolds and more general topological spaces (like manifolds
with boundary or corners). Given a subset A of a real vector space V , let us
write conv2(A) := {tx+ (1− t)y : x, y ∈ A, t ∈ [0, 1]}.
Definition 9.1. Let M be a topological space and (Mα)α∈A be a directed
family of topological spaces such that M∞ :=
⋃
α∈AMα is dense in M and all
inclusion maps Mα →M and Mα →Mβ (for α ≤ β) are continuous. We say
that a homeomorphism φ : U → V ⊆ E from an open subset U ⊆M onto an
arbitrary subset V of a topological vector space E is a well-filled chart of M
if there exist α0 ∈ A and homeomorphisms φα : Uα → Vα ⊆ Eα from open
subsets Uα ⊆Mα onto subsets Vα of certain topological vector spaces Eα for
α ≥ α0 such that the following conditions are satisfied:
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(a) Eα ⊆ E, Eα ⊆ Eβ if α ≤ β and the inclusion maps Eα → E and Eα → Eβ
are continuous and linear.
(b) For all α ≥ α0, we have Uα ⊆ U and φ|Uα = φα.
(c) For all β ≥ α ≥ α0, we have Uα ⊆ Uβ and φβ |Uα = φα.
(d) U∞ :=
⋃
α≥α0
Uα = U ∩M∞.
(e) There exists a non-empty (relatively) open set V (2) ⊆ V such that
conv2(V
(2)) ⊆ V and conv2(V
(2)
∞ ) ⊆ V∞, where V∞ :=
⋃
α≥α0
Vα and
V
(2)
∞ := V (2) ∩ V∞.
(f) For each α ≥ α0 and compact set K ⊆ V
(2)
α := V (2) ∩ Vα, there exists
β ≥ α such that conv2(K) ⊆ Vβ .
Then U (2) := φ−1(V (2)) is an open subset of U , called a core of φ. If cores of
well-filled charts cover M , then M is said to admit well-filled charts.
On a first reading, the reader may find the notion of a well-filled chart some-
what elusive. Special cases of particular interest (which are more concrete and
easier to understand) are described in [Gl08b, Examples 1.11 and 1.12]. See
[Gl08b, Theorem 1.13] for the following result.
Theorem 9.2. Let M be a Hausdorff topological space containing a directed
union M∞ :=
⋃
α∈AMα of Hausdorff topological spaces Mα as a dense subset,
such that all inclusion maps Mα → Mβ (for α ≤ β) and Mα → M are
continuous. If M admits well-filled charts, then
πk(M,p) = lim
−→
πk(Mα, p) for all k ∈ N0 and p ∈M∞.
For a typical application, let H be a Lie group, m ∈ N, S(Rm,L(H))
be the Schwartz space of rapidly decreasing L(H)-valued smooth functions
on Rm, and S(Rm, H) be the corresponding Lie group, as in [BCR81] (for
special H) and [Wa08]. Then C∞c (R
m, H) =
⋃
n∈N C
∞
[−n,n]m(R
m, H) is dense
in S(Rm, H), and S(Rm, H) admits well-filled charts [Gl08b, Example 8.4].
Using Theorem 9.2 and approximation results from [Ne04a], it is then easy to
see that
πk(S(R
m, H)) ∼= lim
−→
πk(C
∞
[−n,n]m(R
m, H)) ∼= πk(C
∞
c (R
m, H))
∼= πk(C0(R
m, H)) ∼= πk(C(Sm, H)∗) ∼= πk+m(H)
(see [Gl08b, Remark 8.6]). This had been conjectured in [BCR81] and was
open since 1981.
10 Subgroups of ascending unions and related topics
We now discuss various results concerning subgroups of ascending unions of
Lie groups (notably for direct limits of finite-dimensional Lie groups).
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Non-existence of small subgroups. It is an open problem whether infinite-
dimensional Lie groups may contain small torsion subgroups [Ne06, p. 293].
For direct limits of finite-dimensional Lie groups, the pathology could be ruled
out by proving that they do not contain small subgroups [Gl07a, Theorem A]:
Theorem 10.1. If G1 ⊆ G2 ⊆ · · · is a direct sequence of finite-dimensional
Lie groups, then the Lie group G = lim
−→
Gn does not have small subgroups.
Idea of proof. Given a compact identity neighbourhood C1 ⊆ G1 which does
not contain non-trivial subgroups of G1, there exists a compact identity neigh-
bourhood C2 ⊆ G2 with C1 in its interior relative G2, which does not contain
non-trivial subgroups of G2 (see [Gl07a, Lemma 2.1]). Proceeding in this way,
we find a sequence (Cn)n∈N of compact identity neighbourhoods Cn ⊆ Gn
not containing non-trivial subgroups, such that Cn ⊆ C
0
n+1 for each n. Then
C :=
⋃
n∈NCn is an identity neighbourhood in G and we may hope that C
does not contain non-trivial subgroups of G. Unfortunately, this is not true
in general, as the example R(N) =
⋃
n∈N R
n =
⋃
n∈N Cn with Cn := [−n, n]
n
shows. However, if the sets Cn are chosen carefully (which requires much
work), then indeed C will not contain non-trivial subgroups [Gl07a]. ⊓⊔
We mention that an analogous result is available for certain ascending unions
of infinite-dimensional Lie groups G1 ⊆ G2 ⊆ · · · (see [Gl07a, Theorem B]).
To enable compactness arguments, each Gn has to be locally kω or each Gn
a Banach–Lie group and the tangent map L(λn) : L(Gn) → L(Gn+1) of the
inclusion map λn : Gn → Gn+1 a compact operator.
17
Initial Lie subgroups. If G is a Lie group and H ⊆ G a subgroup, then H
is called an initial Lie subgroup18 if it admits a Lie group structure making
the inclusion map ι : H → G a smooth map, such that L(ι) is injective and
mappings from Ck-manifolds M to H are Ck if and only if they are Ck as
mappings to G, for each k ∈ N ∪ {∞}.
Answering an open problem from [Ne06] in the negative, it was shown
in [Gl08a] that subgroups of infinite-dimensional Lie groups not be initial
Lie subgroups. In fact, one can take G = RN (with the product topology) and
H = ℓ∞ (see [Gl08a, Theorem 1.3]). For direct limits of finite-dimensional
Lie groups, G =
⋃
n∈NGn, it was already shown in [Gl05b] that every sub-
group H ⊆ G admits a natural Lie group structure. By [Gl08a, Theorem 2.1],
this Lie group structure makes H an initial Lie subgroup of G and thus the
preceding pathology does not occur for such direct limit Lie groups G.
17 Further technical hypotheses need to be imposed, which we suppress here.
18 Some readers may prefer to omit the second condition, or allowM to be a manifold
with Ck-boundary, with corners or (more generally) a Ck-manifold with rough
boundary (as introduced in [GN08]). The following results carry over to these
varied situations (see [Gl08a]).
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Continuous one-parameter groups and the topology on L(G). If
G =
⋃
n∈NGn is a direct limit of finite-dimensional Lie groups, then every
continuous homomorphism (R,+) → G (i.e., each continuous one-parameter
subgroup) is a continuous homomorphism to some Gn (by compact regularity)
and hence smooth. It easily follows from this that the natural map
θ : L(G)→ Homcts(R, G) , x 7→ (t 7→ expG(tx))
is a bijection onto the set Homcts(R, G) of continuous one-parameter sub-
groups of G. It was asked in [Ne06, Problem VII.2] whether G is a topological
group with Lie algebra in the sense of [HM07, Definition 2.11]. This holds if
θ is a homeomorphism onto Homcts(R, G), equipped with the compact-open
topology (which is not obvious because expG need not be a local homeomor-
phism at 0). As shown in [Gl08a, Theorem 3.4], the latter property is always
satisfied. Thus L(G) is determined by the topological group structure of G.
E.g., this implies that every continuous homomorphism from a locally expo-
nential Lie group to G is smooth [Gl08a, Proposition 3.7] (where a Lie group
is called locally exponential if it has an exponential function and the latter
is a local diffeomorphism at 0). It is an open problem whether continuous
homomorphisms between arbitrary Lie groups are automatically smooth.
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